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Abstract
The two-photon two-neutrino interaction induced by magnetic field
is investigated. In particular the processes γγ → νν¯ and γ → γνν¯ are
studied in the presence of strong magnetic field. An effective La-
grangian and partial amplitudes of the processes are presented. Neu-
trino emissivities due to the reactions γγ → νν¯ and γ → γνν¯ are
calculated taking into account of the photon dispersion and large ra-
diative corrections. A comparison of the results obtained with pre-
vious estimations and another inducing mechanisms of the processes
under consideration is made.
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Historically the reaction γγ → νν¯ was one of the first photon-neutrino
processes considered in the context of its astrophysical application. In 1959
Pontecorvo suggested that (eν)(eν) coupling could induce reactions leading
to energy loss in stars [1]. One of these processes, γγ → νν¯, caused by
this coupling was compared in [2] with other neutrino reactions and a rough
estimation of the neutrino energy loss rate was obtained. In both papers
the authors used the four-fermion (V-A) Fermi model. However, in 1961 it
was proved that in this case the process under consideration is forbidden.
This statement is also known as the Gell-Mann theorem [3] asserts that for
massless neutrino and on-shell photons, in the local limit of weak interaction,
the amplitude of the ννγγ-interaction is equal to zero. Any deviation from
the Gell-Mann theorem conditions, e.g. finite neutrino mass [4, 5] or non-
locality of the weak interaction [6–8], make the transition γγ → νν¯ to be
allowed.
As was mentioned above, the process γγ → νν¯ could play an important
role in the evolution of the astrophysical objects. In the most of them the
presence of intense magnetic field is assumed. For example, in the modern
neutron star models the generation of magnetic fields up to 1014 ÷ 1016 G
is considered [9]. Note that the strength of such magnetic fields exceeds
essentially the so-called critical value Be = e/m
2
e ≃ 4.41 · 1013 G, which is
a natural scale for the field strength 1 . Therefore it could be important to
investigate the influence of an external magnetic field on the process γγ →
νν¯. The presence of the magnetic field changes an effective ννγγ-interaction
in such a way to make the reaction γγ → νν¯ to be possible even for massless
neutrinos and on-shell photons.
Previously the process under consideration was studied in the relevantly
weak magnetic field, B ≪ Be. In the paper [10] an effective Lagrangian
of the γγγνν-interaction [11] was used to obtain the cross section and the
emissivity of the process γγ → νν¯ with photon and neutrino energies much
less than the electron mass. It was shown that the cross section of the
process is enhanced by the factor (mW/me)
4(B/Be)
2 in comparison with its
counterpart in vacuum, where mW and me are W-boson and electron masses
respectively. Another approach was developed in [12, 13], where an electron
propagator expansion in powers of the magnetic field strength was applied
to study the process γγ → νν¯ with energies greater than me. In the low-
energy limit the amplitude of the process obtained in [12,13] agrees with the
1We use the natural units, c = ~ = k = 1, hereafter e > 0 is an elementary charge.
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result of Ref. [10]. In the paper [14] the results [10] and [12,13] were slightly
corrected. In particular, it was noted that the cross section of the process
γγ → νν¯ has to be less by factor 4pi.
An investigation of the low energy two photon neutrino interaction in
strong magnetic field was performed in [15]. The amplitude and emissivity
of the reaction γγ → νν¯ was obtained in the four-fermion model without
Z-boson contribution.
The purpose of this paper is to investigate the two-photon two-neutrino
processes in the presence of strong magnetic field with energies restricted
only by the value of the magnetic field strength, ω ≪√eB. These processes
are considered in the framework of the Standard Model using an effective
local Lagrangian of the neutrino-electron interaction
L = GF√
2
[e¯γα(gV − gAγ5)e] jα , (1)
where gV = ±1/2+2 sin2 θW , gA = ±1/2. Here the upper signs correspond to
the electron neutrino (ν = νe) when both Z and W boson exchange takes part
in a process. The low signs correspond to µ and τ neutrinos (ν = νµ, ντ ) when
Z boson exchange is only presented in the Lagrangian (1), jα = ν¯γα(1− γ5)ν
is the left neutrino current.
In the third order of the perturbation theory the process γγ → νν¯ is
described by two Feynman diagrams depicted in Fig. 1, where double lines
imply that the influence of the external filed in the propagators of electrons
is taken into account exactly.
The general form for the matrix element corresponding to diagrams in
Fig. 1 is the following
S = i4piαGF/
√
2√
2E ′V 2E ′′V 2ω′V 2ω′′V
∫
d4x d4y d4z Sp{(jγ)(gV − gAγ5)S(x, y)×
× (ε′′γ)S(y, z)(ε′γ)S(z, x)}e−i(kx−q′z−q′′y) + (ε′, q′ ↔ ε′′, q′′), (2)
where α ≃ 1/137 is the fine-structure constant; q′α = (ω′,q′), q′′α = (ω′′,q′′)
are the four-momenta of the initial photons with polarisation vectors ε′α, ε
′′
α
respectively; kα is the neutrino antineutrino pair four-momentum. S(x, y) is
the electron propagator in the magnetic field which could be presented in the
form
S(x, y) = eiΦ(x,y)Sˆ(x− y), (3)
3
Φ(x, y) = −e
y∫
x
dξµ
[
Aµ(ξ) +
1
2
Fµν(ξ − y)µ
]
, (4)
where Aµ and Fµν are 4-potential and tensor of the uniform magnetic filed
correspondingly. The translational invariant part Sˆ(x− y) has different rep-
resentations. For our purpose it is convenient to take it in the following
form
Sˆ(X) = Sˆ−(X) + Sˆ+(X) + Sˆ⊥(X), (5)
where
Sˆ±(X) = − i
4pi
∞∫
0
dτ
tanhτ
∫
d2p
(2pi)2
[(pγ)‖ +m]Π±(1∓ tanhτ)×
× exp
(
− eB X
2
⊥
4 tanhτ
− τ(m
2 − p2
‖
)
eB
− i(pX)‖
)
, (6)
Sˆ⊥(X) = −eB
8pi
∞∫
0
dτ
tanh2τ
∫
d2p
(2pi)2
(Xγ)⊥(1− tanh2τ)×
× exp
(
− eB X
2
⊥
4 tanhτ
− τ(m
2 − p2‖)
eB
− i(pX)‖
)
. (7)
d2p = dp0dp3, Π± =
1
2
(1± iγ1γ2), Π2± = Π±, [Π±, (Aγ)‖] = 0.
Here γα are the Dirac matrices in the standard representation, the four-
vectors with the indices ⊥ and ‖ belong to the Euclidean (1, 2) subspace and
the Minkowski (0, 3) subspace correspondingly, when the field B is directed
along the third axis. Then for arbitrary 4-vectors Aµ, Bµ one has
Aµ⊥ = (0, A1, A2, 0), A
µ
‖ = (A0, 0, 0, A3),
(AB)⊥ = (AΛB) = A1B1 + A2B2, (AB)‖ = (AΛ˜B) = A0B0 − A3B3,
where the matrices Λµν = (ϕϕ)µν , Λ˜µν = (ϕ˜ϕ˜)µν are constructed with the
dimensionless tensor of the external magnetic field, ϕµν = Fµν/B, and the
dual one, ϕ˜µν =
1
2
εµνρσϕρσ. Matrices Λµν and Λ˜µν are connected by the
relation Λ˜µν − Λµν = gµν = diag(1,−1,−1,−1), and play the role of the
metric tensors in perpendicular (⊥) and parallel (‖) subspaces respectively.
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In spite of the translational and gauge noninvariance of the phase Φ(x, y)
in the propagator (3), the total phase of three propagators in the loop of
Fig.1 is translational and gauge invariant
Φ(x, y) + Φ(y, z) + Φ(z, x) = −e
2
(z − x)µFµν(x− y)ν.
This fact allows one to define the amplitude of the process in the standard
manner
S = i(2pi)
4δ4(k − q′ − q′′)√
2E ′V 2E ′′V 2ω′V 2ω′′V
M, (8)
where the amplitude M can be presented in the following form
M = GF√
2 e
jµε
′′
νε
′
ρ{gVΠVµνρ − gAΠAµνρ}, (9)
ΠVµνρ = e
3
∫
d4X d4Y Sp{γµSˆ(X)γν Sˆ(−X − Y )γρSˆ(Y )} ×
× e−ie (XFY )/2 ei(q′X−q′′Y ) + (ε′, q′ ↔ ε′′, q′′), (10)
ΠAµνρ = e
3
∫
d4X d4Y Sp{γµγ5Sˆ(X)γν Sˆ(−X − Y )γρSˆ(Y )} ×
× e−ie (XFY )/2 ei(q′X−q′′Y ) + (ε′, q′ ↔ ε′′, q′′), (11)
with X = z − x, Y = x− y.
In a general case substitution of the propagator (3) into the amplitude
(9) leads to a very cumbersome expression in the form of the triple inte-
gral over the proper time. It is advantageous to use the asymptotic expres-
sion of the electron propagator for an analysis of the amplitude in strong
magnetic field. This asymptotic could be derived from Eqs.(3)-(7) in the
limit eB/|m2 − p2
‖
| ≫ 1. In this case the parts Sˆ±, Sˆ⊥ of the propagator
take the form
Sˆ−(X) ≃ ieB
2pi
exp(−eBX
2
⊥
4
)
∫
d2p
(2pi)2
(pγ)‖ +m
p2
‖
−m2 Π−e
−i(pX)‖ , (12)
Sˆ+(X) ≃ − i
4pi
[i(γ ∂/∂X)‖ +m] δ
2
‖
(X) Π+ exp(
eBX2⊥
4
) Γ(0,
eBX2⊥
2
), (13)
Sˆ⊥(X) ≃ − 1
2pi
δ2
‖
(X)
(Xγ)⊥
X2
⊥
exp(−eBX
2
⊥
4
), (14)
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where Γ(a, z) is the incomplete gamma function Γ(a, z) =
∞∫
z
ta−1e−tdt.
By using, (12)-(14) the amplitude M can be presented as a sum of the
ten independent parts which can conditionally be divided into four groups:
1) Sˆ±Sˆ±Sˆ±; 2) Sˆ±Sˆ±Sˆ⊥; 3) Sˆ±Sˆ⊥Sˆ⊥; 4) Sˆ⊥Sˆ⊥Sˆ⊥. Analysing these combi-
nations one could expect that the leading on field strength part of the am-
plitude, namely ∼ eB, arises from the combination Sˆ−Sˆ−Sˆ−. However, two
parts of the amplitude (9) with photons exchange (ε′, q′ ↔ ε′′, q′′) cancel each
other exactly. Hence the amplitude of the process γγ → νν¯ doesn’t depend
on B in the strong magnetic field limit.
The analysis shows that the independent on field contribution to the
amplitude is given by the combinations Sˆ−Sˆ−Sˆ+, Sˆ−Sˆ−Sˆ⊥ and Sˆ−Sˆ⊥Sˆ⊥ with
all interchanges. One more contribution comes from the expansion of the
Sˆ−Sˆ−Sˆ− combination in the powers of inverse magnetic field strength B.
Then substituting (12)-(14) into (9) we obtain the following result for the
amplitude
M≃ GF√
2 e
jµε
′′
νε
′
ρ{gVΠVµνρ − gAΠAµνρ}, (15)
ΠVµνρ = −
ie3
2pi2
{(q′ϕq′′) piµνρ + (q′I ′′)ν ϕρµ + 1
2
((q′′ − q′)I)µ ϕνρ
+ (q′′I ′)ρ ϕνµ − I ′′νρ (q′ϕ)µ + I ′′µν (qϕ)ρ + I ′µρ (qϕ)ν
− I ′νρ (q′′ϕ)µ − Iµν (q′′ϕ)ρ − Iµρ (q′ϕ)ν}, (16)
ΠAµνρ = −
ie3
2pi2
{(q′ϕq′′) ϕ˜µσpiσνρ + (q′ϕ˜I ′′)ν ϕρµ − 1
2
((q′′ − q′)Iϕ˜)µ ϕνρ
+ (q′′ϕ˜I ′)ρ ϕνµ − (ϕ˜I ′′)ρν (q′ϕ)µ + (ϕ˜I ′′)µν (qϕ)ρ + (ϕ˜I ′)µρ (qϕ)ν
− (ϕ˜I ′)νρ (q′′ϕ)µ − (ϕ˜I)µν (q′′ϕ)ρ − (ϕ˜I)µρ (q′ϕ)ν}. (17)
It is remarkable that the amplitudeM depends only on two types of integrals,
Iµν and piµνρ
Iµν ≡ Iµν(q) = −ipi
∫
d2p
(2pi)2
Sp{γµS‖(p− q)γνS‖(p)}, (18)
piµνρ = −ipi
∫
d2p
(2pi)2
Sp{γµS‖(p− q′′)γνS‖(p)γρS‖(p+ q′)}, (19)
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with
S‖(p) =
(pγ)‖ +m
p2‖ −m2
Π−.
Both types of integrals (18) and (19) can be presented in terms of analytical
functions. The integral Iµν can be written as:
Iµν(q) =
(
Λ˜µν − q‖µ q‖ν
q2‖
)
H
(
4m2e
q2‖
)
,
where
H(z) =
z√
z − 1 arctan
1√
z − 1 − 1, z > 1,
H(z) = −1
2
(
z√
1− z ln
1 +
√
1− z
1−√1− z + 2− ipi
z√
1− z
)
, z < 1.
The expression for piµνρ can be presented in the following form:
piµνρ =
1
q2
‖
q′2
‖
q′′2
‖
[
(q′ϕ˜q′′){(ϕ˜q)µ(ϕ˜q′′)ν(ϕ˜q′)ρpi⊥
+(ϕ˜q)µ(Λ˜q
′′)ν(Λ˜q
′)ρH − (Λ˜q)µ(ϕ˜q′′)ν(Λ˜q′)ρH ′′ − (Λ˜q)µ(Λ˜q′′)ν(ϕ˜q′)ρH ′}
+(q′q′′)‖(Λ˜q)µ(ϕ˜q
′′)ν(ϕ˜q
′)ρ(H
′′ −H ′) + (qq′′)‖(ϕ˜q)µ(ϕ˜q′′)ν(Λ˜q′)ρ(H −H ′′)
+(qq′)‖(ϕ˜q)µ(Λ˜q
′′)ν(ϕ˜q
′)ρ(H
′ −H)
]
, (20)
pi⊥ = H
′ +H ′′ +H
+ 2
q2
‖
q′2
‖
q′′2
‖
− 2m2e[q2‖(q′q′′)‖H − q′2‖ (qq′′)‖H ′ − q′′2‖ (qq′)‖H ′′]
q2‖q
′2
‖ q
′′2
‖ − 4m2e[q′2‖ q′′2‖ − (q′q′′)2‖ ]
. (21)
where, e.g. H ′ ≡ H(4m2e/q′2‖ ). The result (15) can be also treated as an
effective Lagrangian of photon-neutrino interaction in the momentum repre-
sentation.
Note that the amplitude (15) in the low energy limit, ω ≪ me, with
gV = gA = 1 coincides with the amplitude obtained in [15].
To illustrate a possible application of the result obtained let us estimate
the contribution of the process γγ → νν¯ into the neutrino emissivity of the
photon gas in strong magnetic field. It is convenient now to turn from the
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general amplitude (15) to the partial amplitudes corresponding to definite
photon modes with polarisation vectors ε
(‖)
α = (ϕq)α/
√
q2
⊥
, ε
(⊥)
α = (ϕ˜q)α/
√
q2
‖
(in Adler’s notation [16]). These amplitudes can be written as
M‖‖ = i2α
pi
GF√
2
(q′ϕq′′)(q′ϕ˜q′′)
q2
‖
√
q′′2
⊥
q′2
⊥
[gV (jϕ˜q)− gA(jq)‖] H, (22)
M‖⊥ = −i2α
pi
GF√
2
1√
q′′2⊥ q
′2
‖
×
{
gV
(
[(jϕ˜q′)(qq′′)⊥ + (jq
′′)⊥(q
′ϕ˜q′′)]H ′ − (jϕ˜q)(qq
′)‖(q
′q′′)⊥
q2
‖
H
)
−gA
(
[(jq′)‖(qq
′′)⊥ − (jq′′)⊥(q′q′′)‖]H ′ − (jq)‖(qq
′)‖(q
′q′′)⊥
q2
‖
H
)}
, (23)
M⊥⊥ = −i2α
pi
GF√
2
1√
q′2‖ q
′′2
‖
{
(q′ϕq′′)
q2‖
(
(q′ϕ˜q′′)[gV (jϕ˜q)− gA(jq)‖]pi⊥
+(q′q′′)‖[gV (jq)‖ − gA(jϕ˜q)](H ′′ −H ′)
)
− (jϕq′)H ′′[gV (q′q′′)‖ − gA(q′ϕ˜q′′)]
−(jϕq′′)H ′[gV (q′q′′)‖ + gA(q′ϕ˜q′′)]
}
(24)
Then the neutrino emissivity (energy carried out by neutrinos from unit
volume per unit time) can be defined as
QBγγ→νν¯ = Q‖‖ +Q⊥‖ +Q⊥⊥, (25)
Qλ′λ′′ = (2pi)
4gλ′λ′′
∑
i
∫
|Mλ′λ′′ |2Zλ′Zλ′′(E ′i + E ′′i ) δ4(q′ + q′′ − k′ − k′′)
× d
3q′
(2pi)32ω′
f(ω′)
d3q′′
(2pi)3 2ω′′
f(ω′′)
d3k′
(2pi)3 2E ′i
d3k′′
(2pi)3 2E ′′i
. (26)
Here E ′i, E
′′
i are the energies of the neutrino and antineutrino of definite
types i = νe, νµ, ντ ; ω
′, ω′′ are the energies of the initial photons; f(ω) =
[exp(ω/T )− 1]−1 is the photon distribution function at the temperature T ;
the factor gλ′λ′′ = 1− 12δλ′λ′′ is inserted to account for the possible identity of
the photons in the initial state. We would like to note that the integration
over the phase space of initial photons in (26) has to be performed taking ac-
count for nontrivial photon dispersion law in the presence of strong magnetic
8
field. Moreover, it is necessary to take into consideration the large radiative
corrections in strong magnetic field which are reduced to the wave-function
renormalization factors Zλ′ and Zλ′′ in Eq. (26). All of these facts lead to the
dependence of QBγγ→νν¯ on magnetic field strength despite the amplitude (15)
does not contain this dependence. We have made the numerical calculation
of the neutrino emissivity caused by the process γγ → νν¯. In the low tem-
perature limit T ≪ me our result is represented in Fig. 2 where the emissivity
QBγγ→νν¯ is depicted as a function of the parameter ξ =
α
3pi
B
Be
characterizing
the magnetic field influence.
The result presented in Fig. 2 should be compared with the contributions
into the neutrino emissivity of the process γγ → νν¯ caused by the another
mechanisms. For instance, the emissivity due to the finite neutrino mass
is [5]
Qmνγγ→νν¯ ≃ 1.4 · 10−4 T 119
erg
s · cm3
( mν
1 eV
)2
. (27)
where T9 is the temperature in units of 10
9 K. On the other hand, in the
case of non-locality of the weak interaction, investigated in Ref. [8], one can
estimate the emissivity, which is suppressed by the factor (me/mW )
4:
QNLγγ→νν¯ ≃ 9.9 · 10−10 T 139
erg
s · cm3 . (28)
It’s obvious that the field-induced mechanism of the reaction γγ → νν¯
strongly dominates all the other mechanisms.
It is interesting also to compare our result with the previous calculations
of the neutrino emissivity due the process γγ → νν¯ in the weak and strong
magnetic fields.
Taking into account the remark by authors of [14] one could obtain
from [10] the following estimation for the neutrino emissivity QBγγ→νν¯ in the
weak magnetic field limit, B ≪ Be:
QBγγ→νν¯ ≃ 0.3 · 109 T 139
(
B
Be
)2
erg
s · cm3 . (29)
It is evident that neutrino emissivity is substantially enhanced in strong
magnetic field in comparison with its counterpart in the weak magnetic field
case.
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In the limit B ≫ Be the contribution of the process γγ → νν¯ into the
neutrino emissivity was previously studied in [15], from which the following
estimation could be obtained:
QBγγ→νν¯ ≃ 0.7 · 108 T 139
erg
s · cm3 . (30)
This result doesn’t depend on the magnetic field strength B and it is at
least ten times less than our result presented in Fig. 2. In our opinion,
the authors [15] wrongfully didn’t take into account photon dispersion and
wave-function renormalisation in strong magnetic field.
Let us note that in the presence of the magnetic field one more contri-
bution into neutrino emissivity due to the process γ → γνν¯ is possible. We
would like to emphasize that it is the nontrivial dispersion law of a photon in
the magnetic field that makes this reaction to be kinematically allowed. To
our knowledge the process γ → γνν¯ has not been studied so far. Therefore it
is interesting to compare the contributions into the neutrino emissivity from
the γγ → νν¯ and γ → γνν¯ channels.
To obtain the emissivity by the process γ → γνν¯ one needs to make the
replacements f(ω) → (1 + f(ω)) and q → −q for one of the photons in
(26). The analysis of the process kinematics shows that only one transition,
γ‖ → γ⊥νν¯, gives the contribution into neutrino emissivity. The dependence
of the neutrino emissivity due to the process γ → γνν¯ on the magnetic field
strength is depicted in Fig.3. As is seen from Fig.2 and Fig.3, the contribution
of the process γ → γνν¯ into the neutrino emissivity turns out to be small in
comparison with analogous contribution due to the reaction γγ → νν¯ in the
case of not too strong magnetic field, B ≪ 105Be.
In summary, we have investigated the two-photon two-neutrino processes
in the presence of strong magnetic field. The amplitude of the reaction
γγ → νν¯ is obtained in a general case when the photons are not assumed to
be on the mass shell. Therefore it can be treated as an effective Lagrangian of
photon-neutrino interaction. We have also calculated the contribution into
the neutrino emissivity due to the reactions γγ → νν¯ and γ → γνν¯ tak-
ing into account the photon dispersion and wave function renormalisation in
strong magnetic field. We stress that in spite of the independence of the am-
plitude on the magnetic field strength B, the emissivity essentially depends
on B. The comparison of our results with the other inducing mechanisms of
the reaction γγ → νν¯ shows that strong magnetic field catalyses this process.
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Figure 1: The Feynman diagram for the ννγγ-interaction in magnetic field.
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Figure 2: The low temperature, T ≪ me, neutrino emissivity QBγγ→νν¯ depen-
dence on the parameter ξ = α
3pi
B
Be
for different polarisation configurations
of the initial photons; Q0 = 10
8T 139 erg/(s · cm3). Short-dashed, dash-dotted
and long-dashed curves correspond to Q‖‖, Q⊥‖, Q⊥⊥ respectively. Solid line
depicts the total neutrino emissivity.
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